ModeHing methods, i.e., sturlies of model processes permitting prediction of their development in apparatus of any· size, have attained extreme importance in chemical technology. They are the main way ofsolving problems connected with transition to a !arger scale, rational choice of the reactor design, optimization, analysis of the steady state and parametric sensitivity of chemical processes in reactors.
The attempts to solve the problern of transition to a !arger scale on the basis of similitude relations by means of physical modeHing of processes possessing the samenature as those occurring in a large-scale reactor, failed due to the incompatibility ofsimilitude conditions for the chemical and physical components of the processl. The reason for incompatibility of similitude criteria is the impossibility of ensuring a similar effect of physical factors on the rate of chemical conversion in reactors of different sizes. In the limiting case only, when the chemical reaction is considerably faster than the transfer processes and, consequently, does not affect the overall process rate ( as, for instance, in absorption of gases reacting with the absorbent at a high rate, or in catalytic reactors in the external diffusion region), the criteria of chemical similitude become unimportant and application of these relationships becomes possible. However, for a general case of chemical reactions transition to a larger scale on the basis of similitude relations and physical modeHing is impossible.
Consequently, an empirical method of gradual increase in the reactor sizes, from enlarged, to pilot, and then industrial reactors, has tobe used for transition to a larger scale. As this involves no scientific prediction of the process development with increase in the reactor size, the nurober of investigation stages is great. Thus, much time and money is spent without attaining an optimum result.
These difficulties may be overcome by using the method of mathematical modeHing successfully applied in many branches of scientific investigations. With chemical reactors the essence of this method is a study of the chemical process, making use of a model of a different physical content but satisfying a mathematical description identical to that for a chemical reactor 2-7. Successful use of the method depends upon the completeness and reliability of the mathematical description. The properties of the chemical conversion as such, undisturbed by the effect of transfer processes and expressed as kinetic equations of chemical reaction rates as functions of the mixture composition, temperature, pressure, and catalytic properties, should be taken as a basis for the mathematical description of a chemical process. These properties cannot be predicted theoretically and should be determined experimentally. Gorobination of chemical properties for the chemical conversion with known functions for mass and heat transfer, and also with boundary and initial conditions, represent a mathematical description. The mutual effects of chemical and physical components of the process are allowed for mathematically. It will be emphasized that in ordertobe capable of predicting the development of a process in reactors of different sizes, a mathematical de~cription should involve kinetic properties in a fonn invariant with respect to scale changes. Otherwise it would be incapable of prediction and valid for the given reactor only.
As a rule, the solution of practical problems on the basis of a mathematical description (sign model) cannot be made by means of analytical methods of applied mathematics and requires mathematical modelling. The most universal means for creation of real mathematical models are the analogue and numerical computors. Consequently, wide use ofmathematical modelling became possible only after the advent of electronic computors. The problems given above, i.e., transition to a larger scale, optimization, steadystate determinations, etc. may be solved by mea11s of these real mathematical models.
STAGES OF MATHEMATICAL MODELLING
The sequence of mathematical modelling stages will be exemplified by the most widespread type of chemical reactors: catalytic reactors with a fixed bed solid catalyst (Figure 1) .
For reactors of the type considered, additional complications arise in connection with chemical conversions on the internal surface of grains, as formed by the many pores of different sizes and shapes. As a result, mass and heat transfer processes occur inside the grains and their properties depend upon the pore sizes. In this case, after having established the true kinetics of the catalytic reaction, it is necessary to model the process for one grain. When the detailed structure of pores is known, the reaction rates and the extent ofinner surface contribution as a function ofthe composition and temperature ofthe reacting mixture may be calculated by means ofelectronic computors, making use ofmathematical methods. The mathematical model ofthe process for one grain permits solution of an inverse problern as weil, the prediction Figure I . Stages of mathematical modeHing of optimal porosity, of the shapes and sizes of catalyst grains ensuring best activity ofthe catalyst. Ifthe porous structure is known in insuffi.cient detail, the transfer coefficients necessary for making a one grain model should be determined from experimental data obtained by variations in grain sizes, or by some other technique.
Mathematical description of the process in a grained catalyst bed may be made on the basis of the one grain model. In the majority of cases mathe~ matical description of the bed may be simplified, as mass transfer to the external surface of catalyst grains usually has no appreciable effect on the rate of chemical conversion at flow velocities corresponding to operating conditions of industrial reactors. If this condition is fulfilled, the catalytic process in a grained catalyst bed may be considered on the basis of a quasihomogeneaus model.
It will be noted that this rule is not general. A group of catalytic processes notable for high heats of reaction and activation energies is known, for which the rate of transfer to the external surfaces of grains appears to be determiningS, 9, Only the boundary (kinetic and external diffusion) conditions would be stationary for this group, as reported by Frank-KamenetskiilO, The intermediate conditions characterized by a partial effect only of the transfer processes are unsteady and unrealizable. For this reason there is a marked Iimit on the quasi~homogeneous model applicability.
The next stage is the choice of optimum conditions for conducting the process.
Optimization of chemical processes would require a choice of the most advantageaus values for a great number of parameters, such as temperature, pressure, the ratios ofreactants, the duration ofindividual cycles for periodic processes, etc. Optimum conditions should be chosen over the whole distance along the catalyst. Optimum criteria depend on the specific conditions for the problern considered. For simple reactions the optimum would be the attainment of a maximum reaction rate at a fixed final degree of conversion, for complex reactions it would be the maximum yield of a certain most valuable product at a fixed overall rate, and so on. These theoretical optimum conditions would represent a basis for further technological and economical calculations allowing for specifi.c economical factors of the production.
Technological restrictions, such as the explosion Iimit for the mixture composition, the temperature Iimit as a function of the catalyst activity persistence, etc. should also be allowed for. Mathematical methods of optimization are very diverse and have been largelydeveloped in the recentyears by Amundson11,12, Aris13,14, Denbigh15, Horn16, de Vusse and Voetter 17, and a nurober of Soviet scientistslS-22.
The optimum temperature proffies for reversible exotherrnie reactions and complex consecutive and parallel reactions, optimum pressures of reversible reactions involving variations in the nurober of molecules, optimum composition of the reacting mixture, and many other problems, have been solved on the basis of the above results.
In many cases it would be convenient to determine the optimum conditions by means ofthe mathematical theory for optimum processes developed by Pontryagin et a[. 23 , defi.ned in short as the "maximum principle". This theory allows for restrictions and possible attainment of the optimum at the boundaries of permissible parameter values. As an example of using the maximum principle Iet us mention the evaluation of optimum condit!ons for a reversible exotherrnie reaction. These were attained by addition of a component having a lower temperature. For instance, the temperature for oxidation of sulphur dioxide in the production of sulphur oxide may be · controlled by admission of cold air. This isareversible exotherrnie reaction, and a certain decrease in temperature with increasing degree of conversion would ensure its optimum conditionslS. In the given case complications arise due to variations in the mixture composition induced by admission of cold air.
- Figure 2 shows the calculation results. These are of interest in that intermitten! rather than continuous dosage of cold air appears tobe advantageous. The temperature is shown versus the degree of conversion. When the process is started at a rather low temperature, it appears profitable to conduct it first without admission of cold air ( U = d Vjdx = 0, where V is the reacting mixture volume), in order that there be a faster rise in temperature. Air would be added at the next stage, after attainment ofthe limiting temperature T = T max. in an amount ensuring isothermicity of the process. At a higher degree of conversion it is of advantage to lower the temperature, admitting the whole amount of cold air before completion of the process; if there is a restriction for the reacting mixture volume (V = V max.) in the last catalyst bed the temperature will increase again. When the initial mixture is of a high temperature and of a low oxygen content, air should be Determination of the optimum persistence of activity for a periodically regenerated catalyst will be mentioned as another example. Let us consider a process involving a catalyst of varying activity which decreases monotonically or passes through a maximum. In this case a certain operation period (rk) will be followed by a regeneration period ( ro), generally speaking dependent upon Tk. The optimum persistence of the catalyst activity ensuring its maximum efficiency is tobe found. The existence of an optimum is obvious: too short operaring cycles would be disadvantageaus as a result of the increasing fraction of time spent on regeneration, and too long cycles for the reason of a decrease in the reaction rate towards the end of the cycle. A solutionwas given by Fedotov, Leonov and Kusnetsov25:
0 where f( r) is the reaction rate at time r from the start of the catalyst operation and To( T) is the time of regeneration within Tk min upon completion of the operating cycle. Fora particular case of regeneration time independent of the operating cycle duration the problern was solved by Pichler26. The solution has a simple physical meaning ( Figure 3) ; at an optimum length of cycle the reaction rate at the end of the productive part of the cycle equals the mean rate of the valuable product formation for the whole cycle including the regeneration time. The efficiency of a reactor for catalytic dehydrogenation as a function of the productive cycle duration is given in Figure 4 . Optimization may be seen to give an appreciable effect, though the maximum is not very sharp. Preliminary choice of the reactor type ensuring best realization of the required operating conditions may be made on the basis of the optimum operating conditions established27, 28 . It would be expedient to make an analysis of several possible variants, making use of mathematical models.
The design of a reactor for obtaining formaldehyde from methanol will be considered as an example. In this case the formation of formaldehyde is followed by an unwanted reaction of complete combustion with an activation energy lower than that for the basic reaction. Consequently, isothermic conditions with the maximum temperature dependent upon the catalyst activity persistence would be optimum for this process. ModeHing was marle for three variants of the design: tubular apparatus with internal heat exchange, three-bed apparatus with intermediate heat exchange and a combined design ( Figure 5) . The results obtained are given inFigure 6and Table 1 .
The production of ethylene oxide by direct oxidation of ethylene may serve as a second example. In this case the unwanted reaction of complete oxidation occurs mainly in parallel with the basic reaction, at a high activation energy. The optimum operating conditions will be those of temperature increase with the degree of conversion. The results of mathematical modelling are shown in Figure 7 . Here 1-2 is the optimum curve and 1-5-3 the temperature sequence in a tubular apparatus at a constant temperature of the heat withdrawal medium; the latter differs considerably from the optimum temperature profile. A nearer approach to optimum conditions may be 
is valid for steady development of a process in reactors of ideal intermixing30. F or irreversible reactions31 :
where T is the temperature of the catalyst bed, Tx the temperature of the heat withdrawing medium, x the degree of conversion in the catalyst bed, X in. the initial degree of conversion, R the gas constant, and E the activation energy. At a greater temperature difference the process becomes unsteady, and the catalyst is either overheated or quenched. When deviation from the steady state condition is not great, compulsory stabilization of the process becomes possible: increasing deviation makes it more and more difficult.
In cantrast to intermixing beds, a process occurring in beds of ideal displacement will always be steady, provided that there is no inverse relation, i.e., no dependence of the mixture temperature at the catalyst inlet on development of the process in the bed. If such a relation appears as a result of heat exchange or longitudinal intermixing, steady state restrictions would arise.
The problern of determining the Iimits for steady operation of displacement reactors has obtained as yet no general solution by means ofanalysis methods. A technique for determining these Iimits by analysis of variations in the parametric sensitivity was evolved at the Institute of Catalysis. A simple example would be the countercurrent reactor with internal heat exchange (Figure 8 ). Three kinds of steady operation conditions are possible at the same temperature of the stream inlet. The intermediate one, often most tempting is, however, unreliable.
The inequality:
is the steady state criterion32. Here Vcp is the water equivalent ofthe reacting mixture, a is the heat transfer coefficient, F the heat exchange surface, and 1/J a function determining the mean integral difference in temperatures.
If the operating conditions of a reactor be chosen only on the basis of conditions for material and heat balance and intensity of heat exchange, an erroneous design might be made, resulting in unsteady operation.
An unsteady state region will arise for external heat exchange as well (Figure 9 ), but it may be diminished by making the heat exchanger larger Figure 9 . Schematic view of a reactor with external heat exchange and bypassing a part of the gas, as ma y be seen from equa tion ( 5) . The left side of the equation may be readily derived from kinetic data:
aF 2V2 (5) where V is the total amount of the reacting mixture, V1 is the amount of the mixture Iet through the bypass, and V 2 is the amount ofthe mixture passing over the intertubular space of the heat exchanger. Mathematical description of the process permits calculation of the parametric sensitivity of the steady states of the reactor towards variations in initial parameters, and makes possible the determination of statistical characteristics of the reactor, as weil as the transient regime for its automation33. A theoretical curve for the transient operating conditions in the cross-section of a tubular contact apparatus, with maximum temperature corresponding to a step-wise increase in the methyl alcohol concentration in a mixture used for production offormaldehyde on oxide catalysts is given in Figures 10  and 11 . The points derrote experimental results. Figure 12 shows variations in temperature at the same site of the apparatus at a step-wise increase in the temperature of the admitted mixture. The initialfall of temperature at the "hot" cross-section is due to increase in the reaction rate in the first parts of the catalyst bed and to heat expenditure by rising of the catalyst temperature. At first this results in a lower rate of reaction at the cross-section considered, and then the temperature starts increasing again with that of the catalyst in the preceding bed cross-sections, downstream of the gas. The results of the above modelling stages allowing for technological and economical restrictions permit making a final choice of the technological scheme for a reactor and of its operating conditions, as weil as calculating the necessary amount of the catalyst. The scale of the first pilot reactor is chosen depending upon the process peculiarities and the amount of knowledge about it. Analysis of operation of the pilot reactor should be made on the basis of a previously made mathematical description, which would permit making the necessary amendments. Due to invariance of the fundamental equations with respect to changes in the system scale, the mathematical description, thus specified, may be used for calculating the process development in larger scale apparatus. The possibility of predicting the process develapment in such apparatus by making use of the mathematical descriptions permits speedier transition from laboratory experiments to industrial apparatus.
All the above calculations postulated uniform distribution of the reacting mixture over the reactor cross-section, and complete intermixing of the gas streams which were different in composition or temperature. The fulfilment of this condition should be controlled by a special device. The method of hydraulic modelling, i.e., one ofthe forms ofphysical modelling, is best adapted for solution of these problems. Application of this method to the parts of chemical reactors involving no chemical conversions, or for investigation of phenomena unaffected by chemical reactions would be quite correct.
The enumerated modelling stages are related to each other. Depending upon the results obtained a return to preceding stages and a more concise definition of previously chosen data would be sometimes desirable. Gradual approximation would permit choosing a reactor design best adapted to all requirements. The development of methods for mathematical modeHing of reactors with a fixed bed catalyst is essentially completed, and if the kinetics of a catalytic process is known, an optimum reactor design may be obtained in a fairly short time, particularly due to the availability of specific programmes for appropriate calculations.
REACTORS WITH A PSEUDO-FLUIDIZED CATALYST BED
Solution of the problems for reactors with a pseudo-fluidized catalyst bed is less complete due to insufficient knowledge of the hydrodynamics of these systems. Direct applications ofthe Navier-Stokes equation to a non-uniform system encounters great difficulties and it appears necessary to make use of formal bed models. A mathematical description of the pseudo-fluidized bed, based on the so-called "two-phase" model is often taken as a basis. The model assumes that the pseudo-fluidized bed consists of two phases, a "condensed" phase representing a suspension of solid particles in a gas stream, and a "bubbling" phase, that of gas bubbling through the bed (Figure 12 ).
Intensive intermixing of solid particles and consequent intermixing of gas characterized by an effective coefficient of longitudinal diffusion (Derr.) occurs in the "condensed" phase. The different composition of· phases results in mass exchange between these, the exchange intensity being determined by the interface coefficient (ß). A mathematical description of a pseudo-fluidized bed may be made on the basis of the above. Fora simple case of a first order reaction a mathematical description in a dimensionless form will be:
where:
are dimensionless criteria, g is the dimensionless length of the bed, L the complete height, x 1 and x 2 degrees of conversion in the condensed and in the bubbling phases, k the reaction rate constant, Derr. the diffusion coefficient for the condensed phase, and ß the coefficient of mass exchange between the two phases.
Coefficients q, ß, and Derr. may be obtained by treatment of experimental data on the basis of this description. Solution of the above equations for a two phase model would permit prediction of changes in the degrees of conversion of reacting substances with changes in their concentrations in the same reactor. This model cannot be taken as a basis for transition to reactors of a larger scale, since the structure of the pseudo-fluidized bed and, consequently, the effective coefficients of diffusion and mass exchange would change with greater size of the reactor, even at a persistence of the same linear rates and same quantities of gas passing through the condensed phase. Analysis of the operation of laboratory, pilot, and industrial reactors on the basis of the "two-phase" model shows that with Iabaratory reactors the effective coefficient of longitudinal intermixing will be considerably lower, and the mass exchange coefficient considerably higher than in apparatus of a larger scale. For instance, treatment of results obtained by Mukhlenov of the Leningrad Technological Institute34 reveals that for a sulphur dioxide oxidation reactor of a 40 mm diameter: ß = 10 sec-1, Derr. =10-3m 2 /sec, while for a reactor ofa 900 mm
This is evidence that in the given form the mathematical description on the basis of a "two-phase" model cannot be used for transition to a larger scale. This would be possible only on condition of introducing the IID and Nu criteria as functions of the scale and design of the reactor. These functions may be investigated also in the absence of a chemical reaction in the catalyst bed. An additional difficulty is that they depend essentially on the solid catalyst properties. Nevertheless appropriate generalization may be made and the time is not far off when one can dispose of a mathematical description of processes in a pseudo-fluidized bed, permitting prediction of their development in large apparatus, i.e., the use of mathematical modeHing for transition to large-scale reactors.
Other types of chemical reactors, such as those with a liquid reaction medium and a solid catalyst, multi-phase reactors: gas, liquid, solid catalyst, etc., will not be considered here. The mathematical modelling method may be applied to these as weil, though in every case this would require solution of additional problems related to hydrodynamic characteristics of these systems.
CONCLUSION
In conclusion, it is emphasized that mathematical modeHing is becoming an ever closer approximation to a general method for solution of problems connected with the design and optimization of chemical reactors. It may be seen from published information and from our experiments that mathematical modelling was applied successfully to scores of chemical processes. In a nurober of cases it permitted speedier design of reactors for new processes and the choice of better conditions for and ways of conducting chemical reactions. Of paramount importance seems to be the rather extensive substitution of scientific prediction for the blind empirical search, and the possibility of sound evaluation of the results obtained by comparing these with the optimum theoreticallevel.
It would be wrong to surmise that this method is connected solely with the last stage of investigation of chemical processes, i.e., the design of chemical reactors. The application of mathematical modeHing brings an essential change into the information available on a chemical process as a whole. It must be remernbered that the laws governing the chemical and physical components of the process should be the basis of mathematical description. For instance, kinetic data on chemical reactions should correspond, as mentioned above, to the region of true kinetics, embrace a broad range of variations in operating conditions, and provide a sufficiently extensive description of all side-reactions. This changes the nature of the approach to chemical investigation even at its first stages.
Finally, I would like to emphasize that international co-operation is particularly fruitful in this new, rapidly developing field. The Second and Third European Symposia were very efficient in this respect. We trust that a scientific discussion of these problems at this IUPAC Congress will open up new possibilities in this direction and will contribute to the fast spreading of mathematical methods in the field of chemical reactors, which are most important in chemical technology.
